Introduction
Foliations are important geometric structures on manifolds which define decompositions of the manifold into injectively immersed submanifolds, called leaves. In the present article we study foliations in the presence of a geometric structure on the manifold so that the leaves inherit similar structures from the ambient manifold. The simplest type of regular foliations on a manifold M are obtained from submersions on it. In this case the level sets of the submersions define the leaves of regular foliations on M . More generally if a map f : M → N is transversal to a foliation F N on N then the inverse image of the F N under f is a foliation on M . Haefliger proved that any foliation on M can actually be defined as the inverse image of a foliation by a map into a foliated manifold which is transversal to the foliation.
There is a notion of Γ-structure on topological spaces for any topological groupoid Γ (see Section 7) . Following Milnor's topological join construction to define classifying space of principal G-bundles, one can construct a topological space BΓ which classifies Γ structures ( [11] , [13] ). In particular, when Γ = Γ q is the groupoid of germs of local difeomorphisms of R q , the derivative map d : Γ q → GL q (R) induces a continuous map Bd : BΓ q → BGL q (R), where BGL q (R) is the classifying space of rank q real vector bundles. Haefliger cocycles defining a foliation F on M naturally give rise to a Γ q -structure on M . Iff is a classifying map of the associated Γ q structure then Bd•f classifies the normal bundle of the foliation F . Conversely, if a map f : M → BGL(q) classifying the normal bundle of a codimension q distribution D on M lifts to BΓ q , then the distribution D is homotopic to one which is integrable, provided M is open. Haefliger showed that there is a vector bundle π : EΓ q → BΓ q such that the integrable homotopy classes of foliations on M can be classified by homotopy classes of bundle epimorphisms (F, f ) : T M → EΓ q . The latter space is in one to one correspondence with the space of homotopy classes of lifts of a classifying map of the tangent bundle in BΓ q × BGL n−q (R).
In [3] , we had given a homotopy classification of regular contact foliations on a manifold. In this article we study foliations on open contact manifolds for which the leaves are contact submanifolds of the ambient manifold. Let M 2m+1 be a manifold with a contact form α. Recall that a 1-form α on an odd dimensional manifold M 2n+1 is a contact form if α ∧ (dα) n is nowhere vanishing. It follows that the restriction of the 2-form dα to the subbundle ξ = ker α defines a symplectic structure on the bundle. A foliation F on (M, α) will be called a contact foliation on M subordinate to α (or simply a contact foliation) if the leaves of F are contact submanifolds of M . The tangent distribution of a contact foliation on (M, α) is transverse to the contact subbundle ξ = ker α. Moreover, the intersection T F ∩ ξ defines a symplectic subbundle of ξ with respect to the symplectic form d ′ α = dα| ξ . Suppose that N 2n is any manifold with a regular foliation F N , where n < m. Let T r α (M, F N ) be the space of all maps f : M → N which are transversal to F N and such that f −1 F N , the inverse image of the foliation F N , is a contact foliation on M . Let E α (T M, νF N ) be the space of all vector bundle morphisms F : T M → T N such that
(1) q • F : T M → ν(F N ) is an epimorphism, where ν(F N ) is the normal bundle to the foliation F N , (2) ker(q • F ) is transverse to the contact distribution ker α and (3) ker(q • F ) ∩ ker α is a symplectic subbundle of (ker α, d
′ α).
With C ∞ -compact open topology on T r α (M, F N ) and C 0 -compact open topology on E α (T M, νF N )
we obtain the following result. The integral homotopy classes of codimension 2q contact foliations F on M subordinate to α are in one-one correspondence with the homotopy classes of bundle epimorphisms (F, f ) : T M → EΓ 2q for which ker F is transversal to ker α and ker F ∩ ker α is a symplectic subbundle of ker α. Theorem 1.1 may be viewed as a contact version of the Gromov-Philllips Theorem [17] . A Symplectic analogue of this result was proved in [2] but the problem of classification of symplectic foliations on symplectic manifolds was not addressed there. As in [17] and [2] , we appeal to the theory of h-principle ( [10] ) for the proof of Theorem 1.1. The result will follow from a general hprinciple type result (see Theorem 1.3 stated below) by observing that T r α (M, F N ) is the solution space of some open relation which is also invariant under the action of local contactomorphisms. A crucial point about open contact manifolds is that they admit isocontact immersions into arbitrary open neighbourhoods of their cores (see Theorem 3.3). This will follow from a result on equidimensional isocontact immersions which we prove in the paper. We organise the paper as follows. We recall preliminaries of contact manifolds in Section 2. In Section 3, we prove an equidimensional version of Isocontact Immersion Theorem [4] and obtain Theorem 1.3 as a corollary to it. In Section 4, we briefly review the language of h-principle and a few major results which are necessary for our purpose. We give a proof of Theorem 1.1 and discuss a few corollaries of it in Sections 5 and 6. In the final section we prove Theorem 1.2. For the sake of completeness we include the relevant background of Γ-structures and its relations to foliations in Section 7.
Preliminaries of Contact Manifolds
In this section we review some basic theory of contact manifolds. A hyperplane distribution ξ on a manifold M can be locally written as ξ = ker α for some local 1-form α on M . The form α is only unique upto multiplication by a nowhere vanishing function. If ξ is coorientable i.e. when T M ξ is a trivial line bundle, then ξ can be globally written as ξ = ker α for some 1-form on M [6] .
n is nowhere vanishing for any local 1-form α defining ξ. A global 1-form α for which α∧(dα) n is nowhere vanishing is called a contact form on M . The distribution ker α is then called the contact distribution of α.
Example 2.2. Every odd dimensional Euclidean space R 2n+1 has a canonical contact form α
given by α = dz+ n i=1 x i , dy i , where (x 1 , . . . , x n , y 1 , . . . , y n , z) is the canonical coordinate system on R 2n+1 .
Every even dimensional Euclidean space R 2n on the other hand has the Liouville form λ = n i=1 (x i dy i − y i dx i ), where (x 1 , . . . , x n , y 1 , . . . , y n ) is the canonical coordinate system on R 2n .
The restriction of λ on the unit sphere in R 2n defines a contact form.
Any contact structure ξ is associated with a conformal symplectic structure defined by the restriction of the 2-form dα on ξ, where α is a local 1-form defining ξ. If α is a contact form then there is a global vector field R α on M defined by the relations
where i X denotes the interior multiplication by the vector field X. Thus, T M has the following decomposition:
where ker α is a symplectic vector bundle with the symplectic form d ′ α = dα |ker α and ker dα is the 1-dimensional subbundle generated by R α . The vector field R α is called the Reeb vector field of the contact form α. A contact form α also defines a canonical isomorphism φ : T M → T * M between the tangent and the cotangent bundles of M given by
It is easy to see that the Reeb vector field R α corresponds to the 1-form α under φ.
A vector field X satisfying L X α = f α for some smooth function f on M is called a contact vector field. For every smooth function H on M , there is a contact vector field X H = X 0 +X H defined as follows:
Equivalently, X H is given by
The vector field X H is called the contact Hamiltonian vector field of H. If φ t is a local flow of the contact vector field X, then
Therefore, φ * t α = λ t α, where λ t = e f •φt dt is a nowhere vanishing function on M . Thus the flow of a contact Hamiltonian vector field preserves the contact structure. A contact form α defines a bivector field Λ on M given by the relation
where β, β ′ are 1-forms on M . Let Λ # (β) denote the contraction of Λ with a 1-form β on M .
The image of the vector bundle morphism Λ # : T * M → T M is ξ and ker Λ # is spanned by R α .
The contact Hamiltonian vector field X H can then be expressed as X H = HR α + Λ # (dH). It may be worth mentioning that the pair (Λ, R α ) defines a Jacobi structure on M . Let N be a codimension 1 submanifold in a contact manifold (M, α). If the tangent planes of N are transverse to the contact distribution then there is a codimension 1 distribution D on N obtained as the intersection of ker α| N and T N . Since D = ker α| N ∩ T N is an odd dimensional distribution, dα| D has a 1-dimensional kernel. If N is locally defined by a function Φ then dΦ x does not vanish identically on ker α x , for ker dΦ x is transversal to ker α x . Thus there is a unique non-zero vector Y x in ker α x satisfying the relation i Yx dα x = dΦ x . The vector Y x is called a characteristic vector of N at x. Clearly, Y x is tangent to N at x and it is defined uniquely only up to multiplication by a non-zero real number as Φ is not uniquely determined. However, the 1-dimensional distribution on N defined by Y is uniquely defined by the contact form α. Proposition 2.5. Let M be a contact manifold with contact form α. Suppose that H is a smooth real-valued function on M × (−ε, ε) with compact support such that its graph Γ in M × R 2 is transversal to the kernel ofα = α − y dt. Then there is a diffeomorphism Ψ : M × (−ε, ε) → Γ which pulls backα| Γ onto a multiple of α ⊕ 0.
Remark: For this theorem to be true it is enough to have the support of H to be contained in U × R for some relatively compact open set U of M .
Proof. Define a function ψ : M × (−ε, ε) → M × R 2 by ψ(x, t) = (x, t, H(x, t)). Since the image of ψ is Γ, dψ is transverse to the distributionξ = kerα by the hypothesis of the proposition. The map ψ defines a diffeomorphism of M ×(−ε, ε) with Γ which pulls back the formα| Γ onto α−H dt. It is therefore enough to obtain a diffeomorphism Ψ :
Observe that Γ is globally defined as the zero set of the function Φ : M × R 2 → R given by Φ(x, t, s) = H(x, t)−s. Hence the relation iX dα = dΦ on kerα uniquely defines the characteristic vector field on Γ. For a fixed t, let X H t denote the contact Hamiltonian vector field on M for the function H t on M given by H t (x) = H(x, t) for all x ∈ M , and consider the vector fieldX on M × R as follows:X(x, t) = (X H t (x), 1). Let {φ s } denote the local flow ofX on M × R. Thenφ s (x, t) = (φ s (x, t), s + t) for all x ∈ M and s, t ∈ R. We define a level preserving map Ψ :
Since support of H is contained in K × (−ε, ε) for some compact set K, the flowφ s starting at (x, 0) remains within M × (−ε, ε) for s ∈ (−ε, ε). Note that
This implies that
Hence, Ψ * (α − Hdt)(
where X t stands for the vector field X H t , we get
Remark 2.6. It can be checked that the diffeomorphism Ψ maps the lines in M × R onto the characteristics on Γ.
We end this section with the following definitions.
Let M be also a contact manifold with a contact structure ξ 0 . A monomorphism F : T M → T N is said to be isocontact if ξ 0 = F −1 ξ and F : ξ 0 → ξ is conformal symplectic with respect to the conformal symplectic structures ξ 0 and ξ. A smooth map f : M → N is said to be isocontact if df is isocontact.
If ξ = ker α for a globally defined 1-form on N , then f is contact if f * α is a contact form on M . If ξ = ker α and ξ 0 = ker α 0 then f is isocontact if f * α = ϕα 0 for some non-vanishing
Definition 2.8. A submanifold N of a contact manifold (M, ξ) is said to be a contact submanifold if the inclusion map i : N → M is a contact map. This means that T N is transversal to ξ and the subbundle T N ∩ ξ is a contact structure on N . This is equivalent to saying that T N ∩ ξ is a symplectic subbundle of (ξ, d ′ α) [14] . When ξ is defined by a global 1-form α, a submanifold N is contact if and only if i * α is a contact form on N .
Equidimensional Contact Immersions
Let V and W be two equidimensional manifolds, where V is a manifold with boundary and W is without boundary. Let ξ t be a homotopy of contact structures on V andξ a contact structure on W . Let f 0 : V → W be an immersion which pulls backξ onto ξ 0 . We shall prove that there is a regular homotopy f t of f 0 such that f * tξ = ξ t for all t. We first recall a result from [4] .
, be a family of contact forms on V and let ξ t = ker α t be the associated contact structures. Then there exists a sequence of primitive 1-forms
., L the functions r j and s j are supported in a domain which is homeomorphic to a ball.
Theorem 3.2. Let ξ t , t ∈ [0, 1] be a family of contact structures on a compact manifold V with boundary defined by the contact forms α t . Let (Ṽ ,ξ = ker η) be a contact manifold without boundary and f 0 : V →Ṽ an immersion such that f * 0ξ = ξ 0 . Then there exists a homotopy of immersions
In addition, if V contains a compact submanifold V 0 in its interior and ξ t = ξ 0 on Op(V 0 ) then f t can be chosen to be a constant homotopy on Op (V 0 ).
The stated result is a parametric version of this. In view of Lemma 3.1, it is enough to assume that α 1 = α 0 + rds, where r, s are compactly supported and supports are contained in an open set U which is homeomorphic to a ball. Let ξ 1 = ker α 1 . Since r, s are supported on U , the set {u ∈ V :
2 be a smooth map defined by
Since r, s are compactly supported there will exist ε 1 and ε 2 such that Im f is contained in U × I ε1 × I ε2 , where I ε denotes an interval (−ε, ε) for any ε > 0. Clearly, f * (α ⊕ xdy) = α + r ds and so
is an isocontact embedding. Moreover, f (u) = (u, 0, 0) for all u ∈ Op (∂U ) since the functions r and s are supported within U . Next we define an isocontact immersion
is therefore an isocontact immersion which can be extended to an isocontact immersion F 1 :
However, we need ImF 1 to fit intoṼ and in order to do so we shall perturb f so that the image goes into U × R (compare [8] ). The image of the isocontact embedding f :
is the graph of a smooth function k = (r, s) : U → I ε1 × I ε2 which is compactly supported with support contained in the interior of U (as both r and s vanish on a neighbourhood of ∂U ). Now let π : U × I ε1 × I ε2 → U × I ε1 be the projection on the first two factors. Since Im f is the graph of k, π| Im f is an embedding. Therefore, Im f is the graph of a smooth function h : π(f (U )) → I ε2 which must also be compactly supported. Now extend h to a function H : U × I ε1 → I ε2 with compact support in such a way that graph of H is transverse to ker(α ⊕ x dy). Since f is isocontact it is transverse to ker(α ⊕ x dy) and hence graph H is transversal to ker(α⊕x dy) on an open neighbourhood of π(f (U )) for any extension H of h. Then appealing to the genericity of transversal maps we conclude that an arbitrary small perturbation of H has the desired property.] Let Γ be the graph of H. By Lemma 2.5 there exists a diffeomorphism Ψ : Γ → U × I ε1 with the property that
Since F 0 takes V × R intoṼ × R, the following composition is defined:
where πṼ :Ṽ ×R →Ṽ be the projection onto the second coordinate. Observe that (πṼ ) * η = η⊕0
and therefore, the composition map
is necessarily an immersion. This completes the induction argument and hence the proof of the theorem.
If M is an open manifold of dimension n then there is a CW complex K of dimension strictly less than n embedded in M such that the inclusion map i : K → M is a homotopy equivalence. We shall refer to K as a core of M [4] .
be an open contact manifold and let K be a core of it. Then for a given neighbourhood U of K in V there exists a homotopy of isocontact immersions
Proof. Since K is a core of V there is an isotopy g t with g 0 = id V satisfying the condition g 1 (V ) ⊂ U . Using a Morse flow on V , we can express
and V i+1 deformation retracts onto V i . If V is a manifold with boundary then this sequence is finite. We shall inductively construct a homotopy of immersions f i t : V → V with the following properties:
Assuming the existence of f i t , let ξ t = (f i t ) * (ξ V ) and consider a 2-parameter family of contact structures defined by η t,s = ξ t(1−s) . The parametric version of Theorem 3.2 gives a homotopy of immersionsf t,s :
We now extend the homotopy {f t,s | Vi+1 } to all of V as immersions. We denote the extended homotopy by the same notation, by an abuse of notation. We can assume thatf 0,s = id V for all s. Define the next level homotopy as follows:
This completes the induction step since (f
To start the induction we use the isotopy g t and let ξ t = g * t ξ where ξ is the contact structure associated with the contact form α on V . Note that ξ t is a family of contact structures on M defined by contact forms. For starting the induction we construct f 
An h-principle for open relations on open contact manifold
We begin with a brief exposition to the theory of h-principle. For further details we refer to [10] .
Suppose that M and N be smooth manifolds. Let J r (M, N ) be the space of r-jets of germs of local maps from M to N [9] . There is a canonical map p A differential relation R is said to satisfy the h-principle if every element σ 0 ∈ Γ(R) admits a homotopy σ t ∈ Γ(R) such that σ 1 is holonomic. R satisfies the parametric h-principle if the r-jet map j r : Sol(R) → Γ(R) is a weak homotopy equivalence. Thus, the h-principle reduces a differential topological problem to a problem in algebraic topology. If for some α ∈ R and σ ∈ D the element σ.α is defined then it belongs to R.
The following result, due to Gromov, is the first general result in the theory of h-principle. 
(ii) δ t fixes all points outside the ε-neighbourhood of S, (iii) dist(δ 1 (x), M 0 ) ≥ r for all x ∈ S and for some r > 0, where dist denotes the distance with respect to any fixed metric on M .
The following result in h-principle due to Gromov ([10] ) plays a crucial role in the proof of Theorem 1.1. We now now in a position to prove Theorem 1.3.
Proof. Let D denote the pseudogroup of contact diffeomorphisms of M . Let M 0 be a submanifold of M of positive codimension. We shall prove that D sharply moves M 0 at hypersurfaces ( [10] ). Take a closed hypersurface S in M 0 and an open set U ⊂ M containing S. Let X be a vector field along S such that X is transversal to M 0 . We obtain a function H : M → R such that
The contact-Hamiltonian vector field X H is clearly transverse to M 0 at points of S. As transversality is a stable property and U is small, we can assume that X H ⋔ U . Now consider the initial value problem
The solution to this problem exists for small time t, say for t ∈ [0,ε], for all x lying in some small enough neighbourhood of S. Moreover, there would exist a positive real number ε such that the integral curves δ t (x) for x ∈ S do not meet M 0 during the time interval (0, ε). Let
Take a smooth function a which is identically equal to 1 on a small neighbourhood of S ε and which vanishes outside a slightly bigger neighbourhood of S ε . We then consider the solution of the same initial value problem with X H replaced by X aH . Call the new solutionδ t . Since X H is compactly supported the flow of X H is defined for all time t and it will have the following properties:
> r for all x ∈ S and for some r > 0 (because of the choice of ε).
This proves that D sharply moves any submanifold of M of positive codimension.
Since M is open it has a core K which is of positive codimension. Since the relation R is invariant under the action of D, we can apply Theorem 4.3 to conclude that R satisfies the parametric h-principle near K. We now need to lift the h-principle from Op K to all of M . An arbitrary section F 0 of R admits a homotopy
→ N is the canonical projection map of the jet bundle.
By 3.3 above we get a homotopy of isocontact immersions g
gives the desired homotopy in Γ(R) between F 0 and the holonomic section F 1 • dg 1 . This proves that j r : Sol R → Γ(R) induces a surjective map at the π 0 level.
On the other hand, if f 0 , f 1 ∈ Sol(R) are such that there exists a path F t ∈ Γ(R) joining j r f 1 and j r f 2 , then there is a homotopy f t consisting of solutions of R over some open neighbourhood U of K. The concatenation of the following three paths defines the desired homotopy between f 0 and f 1 :
where g t is an isotopy of isocontact immersions of M as described above. Note that all the three paths above are in Sol(R), as R is invariant under the action of local contactomorphisms. This proves the 1-parametric h-principle for R. The proof of parametric h-principle is similar.
Proof of Theorem 1.1
We assume that the reader is familiar with the definition of foliations on a manifold. A foliation F N on a manifold N is equivalent to an integrable distribution on N . We shall refer to this distribution as the tangent distribution and denote it by the symbol T F N . The integral submanifolds of the distribution are called the leaves of the foliation. We denote the quotient vector bundle T N/T F N by ν(F N ) and call it the the normal bundle of the foliation F N . Denote the quotient map T N → ν(F N ) by q.
A smooth map f : M → N is said to be transverse to the foliation
It is known that the inverse image of T F N under df is an integrable distribution on M and so it defines a foliation on M which we denote by f * F N . The leaves of f * F N are the preimages of the leaves of F N under f . We shall call this foliation inverse image foliation of F N under f Let R denote the first order differential relation consisting of all 1-jets (x, y, G), where x ∈ M, y ∈ N and G : T x M → T y N is a linear map such that
The space of sections of R coincides with E α (T M, ν(F N )) defined in the introduction. Proof. It is sufficient to observe that the following two statements are equivalent (2.8):
(S1) f : M → N is transverse to F N and the leaves of the inverse foliation f −1 F N are contact submanifolds (immersed) of M . (S2) q • df is an epimorphism and ker(q • df ) ∩ ker α is a symplectic subbundle of (ker α, d
We will now show that the relation R is open and invariant under the action of local contactomorphisms. 
Consider the subbasic open set U consisting of all subspaces Y of V such that the canonical projection p : Let Θ denote the following composition of continuous maps:
It is now easy to see that
which proves that U c ∩ U K0 is open. Since U K is a subbasic open set in the topology of Grassmannian it proves the openness of U c . Combining with the fact that E is continuous, we conclude that L is open. We now show that R is an open relation. Let ξ denote the contact distribution ker α. The restriction of dα to ξ makes it a symplectic vector bundle and therefore, (ξ, dα| ξ ) is locally equivalent to the (trivial) symplectic vector bundle (U × R 2m , ω 0 ), where ω 0 restricts to the canonical symplectic form on each fibre. On the other hand, we can choose a trivializing neighbourhood U for the tangent bundle T N such that T F N is isomorphic toŨ × Z for some codimension 2q-vector space in R 2n . This implies that R ∩ J 1 (U,Ũ ) is diffeomorphic to U ×Ũ × L. Since the sets J 1 (U,Ũ ) form a subbase for the topology of the jet space, this completes the proof of the lemma.
Lemma 5.3. R is invariant under the action of the contactomorphism group of (M, α).
Proof. Let δ be a local diffeomorphism on an open neighbourhood of x ∈ M such that δ * α = λα, where λ is a nowhere vanishing function on Op x. This implies that Dδ x (ξ x ) = ξ δ(x) and Dδ x preserves the conformal symplectic structure determined by dα on ker ξ. If f is a local solution of R at δ(x), then
Hence f •δ is also a local solution of R at x. Since R is open every representative function of a jet in R is a local solution of R. Thus local contacto-morphisms act on R by δ.j Remark 5.5. By the hypothesis of the above corollary, (ker F 0 , η| F0 , dη| F0 ) is an almost contact distribution. Since M is an open manifold, by a theorem of A. Phillips (see [18] ) the bundle epimorphism F 0 : T M → T N can be homotoped (in the space of bundle epimorphism) to the derivative of a submersion f . Hence the distribution ker F 0 is homotopic to an integrable distribution, namely the one given by the submersion f . It then follows from a result in [3] that (ker F 0 , η| F0 , dη| F0 ) is homotopic to the distribution associated to a contact foliation F 1 on M . Theorem 1.1 further implies that it is possible to get a foliation F 1 which is subordinate to α and is defined by a submersion.
Contact Submersions into Euclidean spaces
Throughout this section M is a manifold with a contact form α. We denote the contact distribution ker α by ξ and the restriction of dα to ξ by d ′ α. Hence (ξ, d ′ α) is a symplectic vector bundle as noted before.
Definition 6.1. A smooth submersion f : (M, α) → N from a contact manifold (M, α) to N is called a contact submersion if the levels sets of f are contact submanifolds of M . We denote the space of contact submersions by C α (M, N ).
We shall denote the space E α (T M, νF N ) by E α (T M, T N ) when F N is the zero-dimensional foliations on N .
We now restrict ourselves to the case when the target manifold N 2n is the Euclidean space R 2n in 1.1. Recall from Section 2 that the tangent bundle T M splits as ker α ⊕ ker dα since M is a contact manifold. Let P : T M → ker α denote the projection morphism relative to this splitting. IfX h denotes the image of the contact Hamiltonian vector field X h associated to a smooth real-valued function h on M under P .
Lemma 6.2. Let (M, α) be a contact manifold and f : M → R 2n be a submersion with coordinate functions f 1 , f 2 , . . . , f 2n . Then the following statements are equivalent:
The restriction of dα defines a symplectic structure on the bundle spanned by X f1 , . . . , X f2n .
(C3) The vector fieldsX f1 , . . . ,X f2n span a symplectic subbundle of (ξ, d ′ α).
Proof. If f : (M, α) → R 2n is a contact submersion then the following relation holds pointwise:
where f 1 , f 2 , . . . , f 2n are coordinate functions of f and ⊥ d ′ α denotes the symplectic complement with respect to d ′ α. Indeed, for any v ∈ ker α,
Therefore, v ∈ ker α ∩ ker df if and only if β(X fi , v) = 0 for all i = 1, . . . , 2n, that is v ∈ X f1 , ...,X f2n ⊥ d ′ α . Thus the equivalence of (C1) and (C3) is a consequence of equivalence of (S1) and (S2) and equivalence of (C2) and (C3) follows from the relation between X h andX h .
An ordered set of vectors e 1 (x), ..., e 2n (x) in ξ x will be called a symplectic 2n-frame in ξ x if the subspace spanned by these vectors is a symplectic subspace of ξ x with respect to the symplectic form d
′ α x . Let T 2n ξ be the bundle of symplectic 2n-frames in ξ and Γ(T 2n ξ) denote the space of sections of T 2n ξ with the C 0 -compact open topology.
For any smooth submersion f : (M, α) → R 2n , define the contact gradient of f by
where f i , i = 1, 2, . . . , 2n, are the coordinate functions of f . If f is a contact submersion then X f1 (x), ...,X f2n (x)) span a symplectic subspace of ξ x for all x ∈ M , and hence Ξf becomes a section of T 2n ξ.
be an open contact manifold. Then the contact gradient map
is a weak homotopy equivalence.
Proof. As T R 2n is a trivial vector bundle, the map
induced by the inclusion i : 0 ֒→ R 2n is a homotopy equivalence, where R 2n is regarded as the vector bundle over 0 ∈ R 2n . The homotopy inverse c is given by the following diagram. For any
where p 2 is the projection map onto the second factor. Since d ′ α is non-degenerate, the contraction of d ′ α with a vector X ∈ ker α defines an isomor-
We define a map σ :
we get a mapσ induced by σ as follows:
Moreover, the contact gradient map Ξ factors as Ξ =σ • c • d:
To see this take any f : M → R 2n . Then, c(df ) = (df 1 , ..., df 2n ), and hencẽ
is a homotopy equivalence. To prove this we define
which induces a mapτ : Γ(T 2n ξ) → E(T M, R 2n ). It is easy to verify thatσ •τ = id. On the other
. Define a homotopy between G andĜ by G t = (1−t)G+t G. Then G t = G on ker α and hence ker G t ∩ker α = ker G∩ker α. This also implies that each G t is an epimorphism. Consequently the homotopy lies in E α (T M, R 2n ).
This shows thatτ •σ is homotopic to the identity map. This completes the proof of the theorem since d :
) is a weak homotopy equivalence (Theorem 1.1) and c,σ are homotopy equivalences.
This is a standard example of a contact manifold where the contact form η is induced from the 1-form 
where
Then S N,K is an contact submanifold of S 2N −1 . Let ξ denote the contact structure associated to the contact form η on S N,K . Since ξ → S N,K is a symplectic vector bundle, we can choose a complex structure J on ξ such that d ′ η is J-invariant. Thus, (ξ, J) becomes a complex vector bundle of rank N − 1.
We define a homotopy
This is well defined since y = 0. It is easy to see that
where i is the inclusion map, and we have the following diagram:
. Now, ξ| S 2(N −K)−1 has a decomposition of the following form [13] :
where θ K is a trivial complex vector bundle of rank K and τ N −K−1 is a complementary subbundle. Since ξ ∼ = r * (ξ| S 2(N −K)−1 ), it follows that ξ must also have a trivial direct summand θ of rank K. Moreover, θ will be a symplectic subbundle of ξ since the complex structure J is compatible with the symplectic structure of ξ. Thus, S N,K admits a symplectic 2K frame spanning θ. Hence it follows from Theorem 1.1 that there is a contact submersion f : S N,K → R 2K for N > K.
Preliminaries on Γ-structures
In this section we review some definitions and basic facts about the classifying space of Γ-structures for a topological groupoid Γ following [11] . We also recall the connection between foliations on manifolds and Γ q structures, where Γ q is the groupoid of germs of local diffeomorphisms of R q . For preliminaries of topological groupoid we refer to [16] .
Definition 7.1. (Γ-structure) Let Γ be a topological groupoid over a space B. Let X be a topological space with an open covering U = {U i } i∈I . A 1-cocycle on X over U with values in Γ is a collection of continuous maps
Observe that the above condition implies that γ ii has its image in the space of units which can be identified with B. We call two 1-cocycles ({U i } i∈I , γ ij ) and ({Ũ k } k∈K ,γ kl ) equivalent if for each i ∈ I and k ∈ K, there are continuous maps
An equivalence class of a 1-cocycle is called a Γ-structure.
For a continuous map F : Y → X and Σ = ({U i } i∈I , γ ij ) a Γ-structure on X, the pullback Γ-structure F * Σ is defined by γ ij • F with covering {F −1 U i } i∈I .
Two Γ-structures Σ 0 and Σ 1 on a topological space X are called homotopic if there exists a Γ-structure Σ on X × I, such that i * 0 Σ = Σ 0 and i * 1 Σ = Σ 1 , where i 0 : X = X × {0} ֒→ X × I and i 1 : X = X × {1} ֒→ X × I. For any two topological groupoids Γ 1 , Γ 2 and for a groupoid homomorphism f : Γ 1 → Γ 2 there exists a continuous map
Let Γ q be the groupoid of germs of local diffeomorphisms of R q . Γ q is topologised as follows:
as the set of all germs of f at different points of U . The collection of all such U (f ) forms a base of some topology. Γ q becomes a topological groupoid with this topology. The derivative map gives a groupoid homomorphism
which takes the germ of a local diffeomorphism φ of R q at x onto dφ x . Thus, to each Γ q -structure ω on a topological space M there is an associated (isomorphism class of) q-dimensional vector bundle over M with structure group Im(d). In fact, if ω is defined by the cocycles γ ij then the cocycles d • γ ij define a vector bundle over M . This vector bundle is denoted by ν(ω). In particular, we have a vector bundle νΩ on BΓ q associated with the universal Γ q -structure Ω on BΓ q . We shall denote this vector bundle by EΓ q as well.
Proposition 7.5. If f : M → BΓ q classifies a Γ q -structure ω on a topological space X, then Bd • f classifies the vector bundle ν(ω). In particular, ν(Ω q ) ∼ = Bd * E(GL q (R)) and hence ν(ω) ∼ = f * ν(Ω).
A foliation F on a manifold can also be defined by the following data: An open covering {U i } of M together with submersions f i : U i → R q such that there exists a family of local diffeomorphisms h ij : f i (U i ∩ U j ) → f j (U i ∩ U j ) satisfying the commutativity relations h ij f i = f j on U i ∩ U j for all (i, j) for which U i ∩ U j = ∅ and the cocycle conditions
These are referred as Haefliger cocycles. The cocycles {dh ij : U i ∩ U j → GL q (R)} define the bundle ν(F ).
subbundle ker α ∩ ker F is a symplectic structure on it. It is not difficult to see that the image of F ol where the left vertical arrow is an isomorphism by 1.1. We now recall a theorem from [11] , [5] . Proof. Let us first prove surjectivity. So take (f , f ) ∈ Epi α (T M, νΩ).
• ( But F can not be transversal symplectic because then there would exist a closed 2-form β whose restriction to νF = π * (T V ) would be non-degenerate. This would imply that V is a symplectic manifold contradicting our hypothesis.
